Transport properties of an interacting Majorana chain by Liu, Zhao et al.
Transport properties of an interacting Majorana chain
Zhao Liu,1 Emil J. Bergholtz,2 Alessandro Romito,3 and Dganit Meidan4
1Dahlem Center for Complex Quantum Systems and Institut fur Theoretische Physik, Freie Universitat Berlin, 14195 Berlin, Germany
2Department of Physics, Stockholm University, AlbaNova University Center, 106 91 Stockholm, Sweden
3Department of Physics, Lancaster University, Lancaster LA1 4YB, United Kingdom
4Department of Physics, Ben-Gurion University of the Negev, Beer-Sheva 84105, Israel
(Dated: July 12, 2017)
We study a one-dimensional (1D) chain of 2N Majorana bound states, which interact through a local quartic
interaction. This model describes for example the edge physics of a quasi 1D stack of 2N Kitaev chains with
modified time-reversal symmetry TγiT−1 = γi, which precludes the presence of quadratic coupling. The
ground state of our 1D Majorana chain displays a four-fold periodicity in N , corresponding to the four distinct
topological classes of the stacked Kitaev chains. We analyze the transport properties of the 1D Majorana chain,
when probed by local conductors located at its ends. We find that for finite but large N , the scattering matrix
partially reflects the four-fold periodicity, and the chain exhibits strikingly different transport properties for
different chain lengths. In the thermodynamic limit, the 1D Majorana chain hosts a robust many-body zero
mode, which indicates that the corresponding stacked two-dimensional bulk system realizes a weak topological
phase.
PACS numbers: 74.78.Na, 74.20.Rp, 73.63.Nm, 03.65.-w, 03.65.Yz
I. INTRODUCTION
Models of interacting Majorana modes provide a simple
platform to study novel physical phenomena. Examples range
from emergent supersymmetric quantum critical behavior1 to
the physics of black holes2,3. One particularly interesting ex-
ample is the Sachdev-Ye-Kitaev (SYK) model with random
all-to-all Majorana interactions2,3, which is a calculable model
with implications for quantum gravity, quantum information,
and quantum chaos3–15. Recent proposals for the realization
of the SYK model would potentially allow to experimentally
probe this physics in a solid state setup12,16. A variant of
the SYK model with short-range strong interactions was sug-
gested to exhibit emergent supersymmetric quantum critical
behavior1. Interestingly, this short-range model describes ex-
citations on the edge of stacked topological superconducting
wires, which is potentially easier to access experimentally.
Transport properties provide a prominent tool to probe
topological phases in (quasi) one-dimensional (1D) systems17.
Indeed, conductance measurements have been the first
indications of possible topological phases in engineered
nanostructures18–21. The presence of gapless modes confined
to the system ends affects the scattering of non-interacting
fermions when the system is connected to leads. In fact, for
non-interacting fermions in a quasi 1D wire, the topological
invariant can be formulated in terms of the scattering matrix
invariants22.
Interactions are known to alter the topological classifica-
tion of gapped phases as well as their transport properties. By
enlarging the phase space, interactions can connect otherwise
distinct topological phases and reduce the number of gapped
phases23–27. One notable example occurs in the stack of
1D topological superconductors with a modified time-reversal
symmetry T 2 = 1. In that case, the non-interacting system is
characterized by a Z index which counts the number of Ma-
jorana modes at its boundary, while interactions reduce the
number of gapped phases to eight (labeled by a Z8 topologi-
cal index)23.
It is conceptually useful to think of the eight topological
subclasses as constructed by stacking N topological super-
conducting chains forming a slab of finite transverse sizeN 28,
with N Majorana modes localized at its boundary. Here inter-
actions of finite range can gap the Majorana modes without
breaking time-reversal symmetry if N is a multiple of eight,
making such systems adiabatically connected to a trivial insu-
lator. However, the remaining nontrivial phases host a spinless
fermion, a Majorana quasi-particle, and a Kramers doublet,
respectively, as boundary excitations. Each of these physical
excitations have markedly distinct measurable features which
can be detected when coupling the edge of the stacked system
to external leads. Remarkably, this allows to formulate the
topological index using a scattering matrix approach—even
in the presence of interactions29,31.
As long as the number of stacked superconducting chains
is kept finite, the Z8 periodicity of the system, as a topolog-
ical property, persists independently of the range of interac-
tions. The interaction range introduces a transverse length
scale for the stacked quasi 1D system. When the interaction
range scales with the system size, the boundary is essentially
a zero-dimensional dot, resulting for example in the Sachdev-
Ye-Kitaev model2,3. For a finite-size boundary, the Z8 peri-
odicity of the system has been shown to emerge in the energy
level statistics for random interaction strengths6. In the oppo-
site limit when interactions are short-ranged, the stacked setup
is two-dimensional of finite transverse size, with a 1D bound-
ary. In this limit, it is possible to analyze transport properties
along the boundary, whose sensitivity to topological phases
has proven to be robust even in the presence of interactions.
In this manuscript we study the transport properties along a
1D Majorana chain with local interactions [Eq. (1)]. This pro-
vides an effective description of the edge of stacked topologi-
cal superconducting chains with modified time-reversal sym-
metry T 2 = 1. We restrict to an even number of Majorana
fermions L = 2N in the 1D chain, so that the correspond-
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2ing stacked system consists of fermion excitations localized
at a single edge, and falls into four distinct topological classes
depending on N mod 4.
We show that the scattering matrix of the 1D Majorana
chain partially reflects this four-fold periodicity, even when
the chain is macroscopically large. The different phases of the
stacked system are characterized by different scattering prop-
erties along the 1D Majorana chain on the boundary, which
can be detected in transport measurements. We find that elec-
trons scattered from the leads can be fully reflected, can ac-
quire a pi phase shift upon reflection, or can be transmitted
across the chain, depending on the four-fold periodicity of N
mod 4. Though these distinct transport properties do not fully
distinguish all different topological phases, their combination
with the quantum dimension of the system’s state32, leads to
a full classification of the different topological phases. What
if any of the Z8 periodic structure persists when the boundary
system is macroscopically large? Our analysis shows that in
the thermodynamic limit our 1D Majorana chain has a two-
fold degenerate ground state. The presence of this zero mode
is stable for a generic interactions which do not break time-
reversal and translational symmetry. Regarding the 1D Majo-
rana chain as an effective model that emerges on the edge of
stacked superconducting chains, the presence of a robust zero
mode at N →∞ indicates that the two-dimensional bulk sys-
tem is a weak interacting topological phase. This is quite re-
markable given that its non-interacting analog is topologically
trivial. Despite its stability, we show that the transport proper-
ties of the boundary zero mode become progressively harder
to detect when the system is coupled to single channel leads.
This is due to the fact that the tunneling matrix elements be-
tween the two degenerate ground states decay rapidly in the
large N limit.
II. MODEL AND SYMMETRIES
We study a 1D Majorana chain of length L = 2N with
short-range interactions under open boundary conditions, as
described by the Hamiltonian
H0 = −W
2N−3∑
i=1
γiγi+1γi+2γi+3, (1)
where γj are Majorana bound state operators defined by the
algebra {γj , γk} = 2δj,k and γj = γ†j . The system is sketched
in Fig. 1 (a). This 1D chain describes for example the low-
energy physics on the edge of a quasi 1D system composed
of 2N Kitaev chains28 with modified time-reversal symmetry
TγiT
−1 = γi (symmetry class BDI)33–35, which precludes
the presence of quadratic Majorana terms23.
To assess the symmetry properties of the Hamiltonian (1), it
is convenient to express it in terms of spin degrees of freedom.
tL tR
1 3 5
2 4 6
Jz
(a)
(b)
Jx
Figure 1. (a) Schematics of a 1D chain of Majorana bound states
coupled to left and right leads. Circled pairs of Majorana zero modes
indicate fermionic degrees of freedom and colored lines represent
different possible interaction terms. (b) Equivalent representation of
the Majorana chain in (a) after its mapping to a spin model. The dif-
ferent interaction terms in (a) are represented by different spin cou-
pling terms in (b) with the same color code.
Following a Jordan-Wigner transformation
γ2n−1 =
∏
m<n
σzmσ
x
n,
γ2n =
∏
m<n
σzmσ
y
n,
−iγ2n−1γ2n = σzn,
it can be mapped on to a spin chain model
H0 = W
N−1∑
i=1
σzi σ
z
i+1 +W
N−2∑
i=1
σxi σ
x
i+2, (2)
which has a natural interpretation in terms of the ladder spin-
chain sketched in Fig. 1 (b).
The model has three discrete symmetries. The first is a
charge conjugation symmetry, H0 = TLH0T−1L , which can
be represented as:
TL =
i bN/2c∏
m=1
σx2m−1σ
y
2m
K
=

[∏N
j=1 γ2j−1
]
K, N ∈ odd[∏N
j=1 γ2j
]
K, N ∈ even
,
where K denotes complex conjugation. Regarding the chain
as describing the edge model of a quasi 1D bulk composed
of 2N Kitaev chains, this operator can be understood as the
projection of the global time-reversal symmetry on the low-
energy degrees of freedom on the edge24,25. Importantly,
while the global time-reversal symmetry T 2 = 1, its local
projection T 2L = ±1 depends on the total number of fermionic
sites N of the chain. In addition to charge conjugate, the sys-
tem possesses two additional symmetries, namely the parity
of the odd or the even subchain respectively:
Po =
∏
i
σz2i−1 =
∏
i
(−iγ4i−3γ4i−2) ,
Pe =
∏
i
σz2i =
∏
i
(−iγ4i−1γ4i) .
3Studying the representations of the three discrete symme-
tries as a function of the number of spins N reveals that the
Majorana chain described in Eq. (2) falls into four symmetry-
protected topological phases labeled by different ν = N
mod 4. Those are distinguished by the sign of T 2L and by
the fact that time-reversal symmetry commutes or anticom-
mutes with the total parity P = PoPe25,36. In addition, for the
Hamiltonian in Eq. (1), the four symmetry-protected phases
can be characterized by different subsets of non-commuting
symmetry operators:
(A) For a chain with ν = 0, the local time-reversal operator
commutes with both even chain and odd chain parities
[TL, Pe] = [TL, Po] = 0, and the system has a unique
ground state.
(B) For a chain with ν = 1, {TL, Po} = 0, giving rise
to a two-fold degeneracy of the ground-state manifold,
where the two ground states differ by the parity of the
odd chain.
(C) For a chain with ν = 2, {TL, Po} = {TL, Pe} = 0, and
the ground state is two-fold degenerate, where the two
ground states differ by the relative parities of the odd
and the even chain but have the same total parity.
(D) For a chain with ν = 3, {TL, Pe} = 0, and the ground
state is two-fold degenerate, where the two ground
states differ by the parity of the even chain.
Thus each of the three non-trivial phases (ν = 1, 2, 3) are
characterized by a two-fold degenerate ground state, which
is spanned by the parity of the even and/or odd subchains
(Fig. 2), in contrast to the unique ground state in the trivial
phase (ν = 0).
III. TRANSPORT AND SCATTERING PROCESSES
To study the transport properties of the Majorana chain in
Eq. (1), we assume that it is coupled to non-interacting leads
located at two ends of the system. We consider local tun-
nelling so that electrons can tunnel from the lead to the end-
fermionic site of the chain, as described by the Hamiltonian
H = H0 +HT +HL +HR, where
HT =
∑
k
tLc
†
L,kdL + tRc
†
R,kdR + h.c., (3)
and
Hj=L,R =
∑
k
j(k)c
†
j,kcj,k.
Here cj,k annihilates an electron of energy j(k) with mo-
mentum k in lead j, dL = (γ1 + iγ2)/2, and dR = (γ2N−1 +
iγ2N )/2, where L,R label the left and right leads [Fig. 1 (a)].
The current operator at the left lead is
IˆL = ∂tNˆL = −i
∑
k
tLc
†
L,kdL + h.c..
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Figure 2. (a) Typical many-body spectra for different system sizes
N = 8−15. The degeneracies of some low-lying levels are indicated
by the numbers nearby. For N mod 4 = 1, 2, 3, all energy levels
are exactly two-fold degenerate. For N mod 4 = 0, the lowest two
levels are non-degenerate, while the third level is again exactly two-
fold degenerate. (b) The scaling of the low-energy gaps as defined
in (a) with increasing system sizes up to N = 29. The linear fitting
(dashed line) is made according to the data of the largest four system
sizes for each N mod 4. The negative y−intercept for ∆1 sug-
gests that the two-fold exact degeneracy of the lowest two levels for
N mod 4 = 0 will be recovered in the thermodynamic limit. The
y−intercepts for other four gaps have roughly similar nonzero val-
ues, suggesting finite gaps in the thermodynamic limit. Intriguingly,
as shown in the inset, the unique fifth order polynomial in 1/N that
goes through all data points for each N mod 4 gives a y−intercept
for ∆1 remarkably close to zero while the ∆2,3,4,5’s extrapolate to
virtually identical finite values. We set W = 0.5 in this figure.
In general, the evaluation of the average current 〈Ii=L,R〉
and the low frequency current fluctuations Sij∈{L,R} =
Sij(ω = 0) =
∫
dt 〈[Ii(t)− 〈Ii〉, Ij(0)− 〈Ij〉]+〉 through
the interacting system in Eq. (1) encompasses multi-particle
as well as energy-non-conserving processes. However,
at voltage biases and temperature lower than the gap
that separates the ground-state manifold from the excited
states, i.e., eVL, eVR  ∆g, the system is described
by a Fermi liquid and the transport properties can be
fully characterized by a unitary scattering matrix Ψout =
4SΨin. The scattering states are in the basis Ψin =
(ψL,e(E), ψL,h(E), ψR,e(E), ψR,h(E))
T of electron (e) and
hole (h) modes at a given energy  from the Fermi seas of the
left and right leads.
At zero temperature the current at the left lead L and the
current fluctuations can be expressed as37–39
IL =
e
h
∑
a,b=e,h
∑
j=L,R
sgn(a)
∫
dEAjb;jb(L, a;E)fj,b(E),
(4)
Sij =
2e2
h
∑
k,l=L,R
∑
a,b,γ,δ=e,h
sgn(a) sgn(b)∫
dEAkγ;lδ(i, a;E)Alδ;kγ(j, b;E)fk,γ(E)[1− fl,δ(E)],
(5)
where Akγ;lδ(i, a;E) = δi,kδi,lδa,γδa,δ − saγik ∗(E)saδil (E)
with sδγik the components of the scattering matrix S, fj,b(E) =
Θ(E− sgn(b)eVj) is the zero temperature Fermi-Dirac distri-
bution, and sgn(a) is positive (negative) for a = e(h). In the
following subsections we study the transport properties of the
different topological phases.
A. ν = 0
A chain with N mod 4 = 0 realizes a trivial phase with
a unique ground state (quantum dimension 1), separated from
the excited stated by a finite gap ∆g, as shown in Fig. 2. At
low voltage, eV < ∆g, the system resembles a trivial insula-
tor and the scattering matrix is S(ω) = 1 4×4.
B. ν = 1
A chain with N mod 4 = 1 has two degenerate ground
states (quantum dimension 2) which are distinguished by the
parity of the odd subchain. The ground-state manifold is sep-
arated by a finite gap ∆g from the rest of the spectrum (Fig 2).
We distinguish the two ground states by the odd chain parity
quantum number Po|gs±〉 = ±|gs±〉. For a chain with N
mod 4 = 1, tunnelling to and from the two leads changes the
parity of the odd subchain and therefore may toggle between
the two ground states. When projecting onto the ground-state
manifold, and to the lowest order in the tunneling tL,R, the
operators d1 and dN can be expressed as
Pd1P = α|gs+〉〈gs−|+ β|gs−〉〈gs+| ≡ αf† + βf, (6)
PdNP = α˜|gs+〉〈gs−|+ β˜|gs−〉〈gs+| ≡ α˜f† + β˜f, (7)
where P = ∑s=± |gss〉〈gss| is the projection operator on
the ground-state manifold. Since the system possesses an
inversion symmetry I, IσjI−1 = σN+1−j , which can be
written as IdjI−1 =
(∏N−j
i=1 d
†
idi
)
dN+1−j in terms of the
fermions, the coefficients introduced in Eqs. (6) and (7) satisfy
α = α˜ and β = −β˜. The scaling of matrix elements α and β
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Figure 3. The scaling of α and β with increasing system sizes for
N mod 4 = 1 up to N = 29. The exponential for β ∝ e−0.04N
is obtained by fitting (dashed line) the data of all system sizes. The
precise scaling of α is harder to predict from the available system
sizes, although it is most likely exponential in the large N limit. The
inset shows the logarithm of the ratio α/β which likely approaches a
finite value for large N , although the existing finite size data do not
unambigously confirm this scenario.
with system size is shown in Fig. 3. While α and β are sub-
stantially different in magnitude for any system size leading
to interesting consequences in transport, we expect them to
decay exponentially with a common exponent as we elaborate
on in Section IV.
When projecting the Hamiltonian on the ground-state man-
ifold, we find
H˜ = P(H0 +HT )P = PHTP
=
∑
k
∑
i=L,R
(
αic
†
i,kf
† + βic
†
i,kf
)
+ h.c., (8)
where αL,R = αtL,R, βL = βtL and βR = −βtR. Eq. (8)
shows that in the weak tunneling limit, the contributions to
the current are dominated by single-particle processes. We
can therefore compute the scattering matrix as
S(ω) = 1− 2piiW †(ω − H˜ + ipiWW †)−1W,
where W is the matrix that describes the coupling of the
ground-state manifold of Eq. (1) to the leads.
The resulting scattering matrix generically allows for all
possible single-particle scattering channels which are con-
trolled by the coupling to the leads and the interaction-
dependent parameters α and β. When the leads are coupled
symmetrically to the chain tL = tR = t, the scattering matrix
takes a simple form:
S(ω) =

seeLL s
eh
LL s
ee
LR 0
sheLL s
hh
LL 0 s
hh
LR
seeRL 0 s
ee
RR s
eh
RR
0 shhRL s
he
RR s
hh
RR

5with
seeLL = s
hh
LL = s
ee
RR = s
hh
RR =
iω
Γ (α2 + β2) + iω
,
seeLR = s
ee
RL =
Γ
(
β2 − α2)
Γ (α2 + β2) + iω
,
sheLL = s
he
RR = s
eh
LL = s
eh
RR =
2Γαβ
Γ (α2 + β2) + iω
,
and Γ = 2pit2.
From Eq. (4), we obtain the current at the left lead
IL =
2e2
h
[
VL − VR + 4α
2β2
(α2 + β2)2
(VL + VR)
]
.
Similarly, the zero-temperature noise is obtained from Eq. (5)
as
SLR(ω = 0) = −2e
3
h
(
2αβ(β2 − α2))2
(α2 + β2)
4 (VL + VR).
C. ν = 2
For a chain withN mod 4 = 2, the two degenerate ground
states (quantum dimension 2) have opposite fermion parities
on both the even and odd subchains. We label the two ground
states as |gs+−〉 and |gs−+〉 where the two indices label the
parity of the odd and even subchain respectively, and we have
assumed that the two ground states have odd total parity PePo.
SinceHT modifies the parity of only one of the two subchains,
it has vanishing matrix elements on the ground-state manifold.
Consequently, the low-voltage transport is dominated by vir-
tual transition into the excited states.
To find how these higher order processes affect the transport
properties, we perform a Schrieffer Wolff transformation to
derive the effective Hamiltonian taking into account virtual
transitions to excited states. The resulting effective model is
up to an additive constant given by
Heff =
∑
j=L,R
∑
k
j(k)c
†
j,kcj,k +
τz
2
∑
k,k′
{
(Jz + ∆z)
[
c†RkcRk′ −
δk,k′
2
]
− (Jz −∆z)
[
c†LkcLk′ −
δk,k′
2
]}
+
τ+∑
k,k′
(
J−c
†
RkcLk′ + J+c
†
LkcRk′ + ∆+c
†
Lkc
†
Rk′ + ∆−cRkcLk′
)
+ h.c.
 , (9)
where we have defined τz = |gs+−〉〈gs+−| − |gs−+〉〈gs−+|
and τ+ = |gs+−〉〈gs−+|, and the coefficients are given by:
Jz =
∑
n
{
|tR|2 |β˜n|
2 − |α˜n|2
Eg − En − |tL|
2 |βn|2 − |αn|2
Eg − En
}
,
J− = 2tRt∗L
∑
n
β˜nα
∗
n
Eg − En ,
J+ = 2t
∗
RtL
∑
n
α˜∗nβn
Eg − En ,
and
∆z =
∑
n
{
|tR|2 |β˜n|
2 − |α˜n|2
Eg − En + |tL|
2 |βn|2 − |αn|2
Eg − En
}
,
∆+ = 2tRtL
∑
n
β˜nβn
Eg − En ,
∆− = 2t∗Rt
∗
L
∑
n
α˜∗nα
∗
n
Eg − En .
Here the sum is over excited states |ns,s′〉, for which
H0|ns,s′〉 = En|ns,s′〉, Po|ns,s′〉 = s|ns,s′〉, and Pe|ns,s′〉 =
s′|ns,s′〉, Eg is the ground state and
αn = 〈gs−+|d1|n++〉 =
(
〈gs+−|d†1|n−−〉
)∗
,
βn = 〈gs+−|d1|n−−〉 =
(
〈gs−+|d†1|n++〉
)∗
,
α˜n = 〈gs−+|dN |n−−〉 = −
(
〈gs+−|d†N |n++〉
)∗
,
β˜n = 〈gs+−|dN |n++〉 = −
(
〈gs−+|d†N |n−−〉
)∗
,
where the second equality follows from charge conjugation
symmetry TL. The symmetry of the system under spatial in-
version I, which for the case of ν = 2 exchanges the even and
odd parities (Pe ↔ Po), imposes the constraints:
αn = δnβ˜n,
βn = −δnα˜n.
where δn = ± is an n-dependent sign. We evaluate αn and βn
numerically for different system sizes and determine the cor-
responding values for the coefficients of the effective Hamilto-
nian, Jz , J−, J+, ∆z , ∆+, ∆−, which are reported in Table I.
The model described by Eq. (9) is a variant of the compacti-
fied two-channel Kondo model whose low-energy physics has
6Table I. Values of the coefficients Jz , J−, J+, ∆z , ∆+, ∆− entering
the effective Hamiltonian Eq. (9) for different N = 4m+ 2.
N = 10 N = 14 N = 18
Jz/(|tR|2 + |tL|2) 1.076385 1.071858 1.067348
J+/(2tLt
∗
R) 0.420549 0.333439 0.27389
J−/(2t∗LtR) 0.06542 0.0677778 0.0657269
∆z/(|tR|2 − |tL|2) 1.076385 1.071858 1.067348
∆+/(2tLtR) 0.150967 0.141257 0.128129
∆−/(2t∗Lt
∗
R) 0.150967 0.141257 0.128129
been analyzed by the study of RG flow31,40,41. This analysis
shows that the low voltage and temperature limit is governed
by screening of the ground-state spin degree-of-freedom by
the lead electrons, and the physics is that of a one-channel
Kondo. At low temperature the system is described by a Fermi
liquid theory and is characterized by a unitary scattering ma-
trix which takes the standard form: S = −1 4×442. While
this pi phase shift does not effect the conductance, it can in
principle be detected in phase sensitive interference type of
measurement.
D. ν = 3
A chain with N mod 4 = 3 is topological equivalent to
a chain with N mod 4 = −1, which is the inverse phase of
N mod 4 = 1.29 Here ν and −ν are inverse of each other
in the sense that when combined, the phase and its inverse
form a trivial phase30. The properties of two chains with N
mod 4 = −1 and N mod 4 = 1 strongly resemble each
other. Both phases are characterized by a two-fold ground-
state degeneracy (quantum dimension 2), and a fermionic zero
mode that toggles between them, changing the total parity of
the chain. In addition, a recent study of the energy level statis-
tics in a related model with random long-range interactions6
showed that the phase ν = 1 and its inverse ν = −1 have
identical energy level statistics. Despite these similarities, our
model with local interactions presents distinct transport prop-
erties for the two phases.
When N mod 4 = −1, the ground-state manifold is
spanned by the parity of the even subchain, while tunnelling
events from the left and right leads change the parity of the
odd subchain. Therefore, tunneling of electrons to and from
the leads does not introduce transitions within the degenerate
subspace, in any order in perturbation theory. The transport
properties of the system with N mod 4 = −1 sites follow
that of a non-degenerate ground state and the scattering ma-
trix is given by S = 1 4×4.
To summarise the discussion above, it demonstrates that, at
low voltage bias eV  ∆g , the interacting Majorana chain of
length 2N , is described by a unitary matrix. The form of the
scattering matrix together with the ground-state degeneracy
(or quantum dimension) allows to fully resolve the four-fold
periodicity of the chain.
IV. THERMODYNAMIC LIMIT
Regarding the chain as the boundary of a stack of topo-
logical 1D superconductors, the distinct transport properties
described above reflect the different nature of the zero modes
localized at the boundary of the stacked system. In all of the
three non-trivial classes the system hosts a topologically pro-
tected zero mode. This zero mode gives rise to a two-fold
degeneracy in the spectrum of the boundary. As this degen-
eracy is topologically protected, it must persist even when the
boundary system is macroscopically large. The trivial phase
corresponding to N mod 4 = 0, on the other hand, has a
unique non-degenerate ground state for any finite N . This
rises the question: which of these paradigms will reflect the
characteristic behavior of the boundary system in the thermo-
dynamic limit? A hint to the answer lies in the observation
that while the degeneracy in the three non-trivial phases is
protected by topology and cannot be lifted for any interaction
profile, the non-degenerate ground state in theN mod 4 = 0
case is a result of a specific (albeit generic) choice of the in-
teraction Hamiltonian. (As a counterexample, a chain Hamil-
tonian with N mod 4 = 0 and uniform all-to-all interactions
is characterized by a two-fold degenerate ground state).
To address this question, it is instructive to consider a parti-
tion of the Majorana chain into sites consisting of four Majo-
rana modes, as illustrated in Fig. 4. In the absence of interac-
tions, the Majorana operators of each site span a four-fold de-
generate ground state. An intra-site interaction term γiγjγkγl
couples the four Majorana modes leaving a two-fold degen-
eracy per site. This, in fact, realizes a spin-1/2 chain. It can
be readily verified that generic inter-site interaction terms that
couple two neighbouring spins lift the four-fold degeneracy
of their respective local Hilbert spaces resulting in a unique
ground state of the two-spin system (Fig. 4). The two ways in
which the local spins can be dimerized in pairs are topolog-
ically distinct, and the interface between them hosts a local
spin-1/2 zero mode. We conclude by noting that the con-
stant interaction profile chosen in our model lies at the phase
boundary between these two distinct phases. It is therefore
characterized by the presence of an extended (gapless) mode
along the 1D chain. The energy of the extended mode scales
inversely with the system size. In the thermodynamic limit,
the excitation energy of this extended mode goes to zero and
the ground state becomes doubly degenerate. This is analo-
gous to the emergence of a weak topological phase in a non-
interacting model of stacked topological insulators43. This
picture is supported by the scaling of the first excited state
energy with system size (Fig. 2).
While the boundary zero mode remains stable for a generic
interaction which does not break time-reversal and transla-
tional symmetry, its transport properties become progressively
undetectable when the system is coupled to single channel
leads. This is because the tunneling matrix element between
the two degenerate ground states vanishes exponentially in
this limit (Fig. 3). The reason for this exponential suppression
can be seen in Fig. 5, which shows that the density profile of
the two ground states form shifted charge density waves. Such
a density profile indicates that the two ground states are ex-
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Figure 4. An interacting Majorana chain, divided into groups of
four per site. An intra-site interaction term couples the four Majo-
rana modes leaving a two-fold degeneracy per site corresponding to
a spin-1/2 chain. Inter-site interaction terms between two neighbour-
ing spins results in a unique spin-singlet ground state. The two ways
in which the spin system can be coupled pairwise are topologically
distinct.
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(d) N = 29
Figure 5. The local density profile 〈ni〉 = 〈Ψ1(2)|d†idi|Ψ1(2)〉
shown in green (red), respectively, for different system sizes rang-
ing from N = 26 to N = 29. For N = 26, 27 and 29, |Ψ1(2)〉
is the exactly two-fold degenerate ground state. For N = 28, we
use |Ψ1(2)〉 = (|Ψ˜1〉 ± |Ψ˜2〉)/
√
2, where |Ψ˜1(2)〉 are the lowest two
eigenstates of the Hamiltonian (1) separated by an energy splitting
for finite-size chains. For each N , |Ψ1(2)〉 form shifted charge den-
sity waves.
pected to have exponentially vanishing matrix elements upon
flipping the occupation locally at the system’s end.
V. CONCLUSIONS
We have studied the transport properties of an interacting
Majorana chain of length 2N with local interactions and cou-
pled to external metallic leads. The model describes for ex-
ample the low-energy excitations on the edge of stacked topo-
logical superconducting chains with a modified time-reversal
symmetry. This stacked system falls into four topological
classes depending on N mod 4. We show that at low volt-
age bias, the transport properties of the 1D Majorana chain
on the edge are characterized by a unitary scattering matrix,
which, for finite but large N , partially reflects this four-fold
periodicity. As a consequence the chain exhibits strikingly
different transport properties for different N mod 4. The
four-periodicity of the ground states can be fully identified by
combining the transport properties with the quantum dimen-
sion of the system.
We further provide evidence that in the thermodynamic
limit the chain has a two-fold degenerate ground state. Re-
garding the Majorana chain as an effective model that emerges
at the end of a system of stacked superconducting chains,
the emergence of a robust mode indicates that the bulk two-
dimensional system is in a weak interacting topological phase.
Our finite-size numerics suggest that the two degenerate
ground states form shifted charge density waves, indicating
that the coupling to the leads vanishes exponentially with in-
creasing system size.
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Appendix A: Derivation of the effective SD model for ν = 2
We perform a Schrieffer Wolff transformation on the HamiltonianH = H0 +HT [Eqs. (1) and (3)] taking into account virtual
transitions to excited states. For this purpose we define the following projection operators on the ground-state manifold and on
the excited states, respectively:
Pg = |gs+−〉〈gs+−|+ |gs−+〉〈gs−+|,
Pe = 1− P =
∑
n,s,s′
|ns,s′〉〈ns,s′ |,
where the sum is over excited states |ns,s′〉, for which H0|ns,s′〉 = En|ns,s′〉, Po|ns,s′〉 = s|ns,s′〉, and Pe|ns,s′〉 = s′|ns,s′〉.
Noting that tunnelling events from the right lead change the parity on the even subchain while tunnelling events on the left lead
change the parity of the odd subchain, the matrix elements of the tunnelling Hamiltonian between the ground-state manifold and
excited states are:
Hge = PgHPe = PgHTPe =
∑
k
∑
n
{
|gs+−〉〈n++|
(
tRc
†
R,kβ˜n + t
∗
RcR,kα˜
∗
n
)
+|gs+−〉〈n−−|
(
tLc
†
L,kβn − t∗LcL,kα∗n
)
+|gs−+〉〈n++|
(
tLc
†
L,kαn − t∗LcL,kβ∗n
)
+|gs−+〉〈n−−|
(
tRc
†
R,kα˜n + t
∗
RcR,kβ˜
∗
n
)}
,
9where we have used the relations which follow from charge conjugation symmetry TL:
αn = 〈gs−+|d1|n++〉 =
(
〈gs+−|d†1|n−−〉
)∗
,
βn = 〈gs+−|d1|n−−〉 =
(
〈gs−+|d†1|n++〉
)∗
,
α˜n = 〈gs−+|dN |n−−〉 = −
(
〈gs+−|d†N |n++〉
)∗
,
β˜n = 〈gs+−|dN |n++〉 = −
(
〈gs−+|d†N |n−−〉
)∗
.
The resulting effective model is given by Heff = Hge(Eg −Hee)−1Heg:
Heff = |gs+−〉〈gs+−|
∑
k,k′
∑
n
{
|tR|2 |β˜n|
2 − |α˜n|2
Eg − En c
†
R,kcR,k′ + |tL|2
|βn|2 − |αn|2
Eg − En c
†
L,kcL,k′ +
(
|tR|2 |α˜n|
2
Eg − En + |tL|
2 |αn|2
Eg − En
)
δk,k′
}
+ |gs−+〉〈gs−+|
∑
k,k′
∑
n
{
|tR|2 |α˜n|
2 − |β˜n|2
Eg − En c
†
R,kcR,k′ + |tL|2
|αn|2 − |βn|2
Eg − En c
†
L,kcL,k′ +
(
|tR|2 |β˜n|
2
Eg − En + |tL|
2 |βn|2
Eg − En
)
δk,k′
}
+ |gs+−〉〈gs−+|
∑
k,k′
∑
n
(
tRt
∗
L
2β˜nα
∗
n
Eg − En c
†
R,kcL,k′ + tRtL
2β˜nβn
Eg − En c
†
L,kc
†
R,k′ + t
∗
Rt
∗
L
2α˜∗nα
∗
n
Eg − En cR,kcL,k
′ + t∗RtL
2α˜∗nβn
Eg − En c
†
L,kcR,k′
)
+ h.c.
= τz
∑
k,k′
∑
n
{
|tR|2 |β˜n|
2 − |α˜n|2
Eg − En c
†
R,kcR,k′ + |tL|2
|βn|2 − |αn|2
Eg − En c
†
L,kcL,k′ −
δk,k′
2
(
|tR|2 |β˜n|
2 − |α˜n|2
Eg − En + |tL|
2 |βn|2 − |αn|2
Eg − En
)}
+
{
τ+
∑
k,k′
∑
n
(
tRt
∗
L
2β˜nα
∗
n
Eg − En c
†
R,kcL,k′ + tRtL
2β˜nβn
Eg − En c
†
L,kc
†
R,k′ + t
∗
Rt
∗
L
2α˜∗nα
∗
n
Eg − En cR,kcL,k
′ + t∗RtL
2α˜∗nβn
Eg − En c
†
L,kcR,k′
)
+ h.c.
}
,
where the last equation is up to an additive constant and we have defined τz = |gs+−〉〈gs+−| − |gs−+〉〈gs−+| and τ+ =
|gs+−〉〈gs−+|. Introducing the coefficients:
Jz =
∑
n
{
|tR|2 |β˜n|
2 − |α˜n|2
Eg − En − |tL|
2 |βn|2 − |αn|2
Eg − En
}
,
J− = 2tRt∗L
∑
n
β˜nα
∗
n
Eg − En ,
J+ = 2t
∗
RtL
∑
n
α˜∗nβn
Eg − En ,
and
∆z =
∑
n
{
|tR|2 |β˜n|
2 − |α˜n|2
Eg − En + |tL|
2 |βn|2 − |αn|2
Eg − En
}
,
∆+ = 2tRtL
∑
n
β˜nβn
Eg − En ,
∆− = 2t∗Rt
∗
L
∑
n
α˜∗nα
∗
n
Eg − En ,
we arrive at the expression given in Eq. (9) of the main text.
